The Black Scholes Model (BSM) is one of the most important concepts in modern financial theory both in terms of approach and applicability. The BSM is considered the standard model for valuing options; a model of price variation over time of financial instruments such as stocks that can, among other things, be used to determine the price of a European call option. However, while the formula has been subject to repeated criticism for its shortcomings, it is still in widespread use. This paper provides a brief overview of BSM, its foundational underpinnings, as well as discusses these shortcomings vis-à-vis alternative models.
Introduction

i. Background
The Black Scholes Model (hereinafter 'BSM' or 'Black-Scholes theorem') is one of the most important concepts in modern financial theory both in terms of approach and applicability. 1 The BSM is considered the standard model for valuing options; a model of price variation over time of financial instruments such as stocks that can, among other things, be used to determine the price of a European call option. 2 For example, consider a
European call option for a stock. 3 This is the right to buy a specific number of shares of a specific stock on a specific date in the future, at a specific price (the exercise price, also called the strike price). 4 If all these quantities are fixed, the question becomes: what is a fair price to charge for the option? The Black-Scholes formula gives the price of the option, in terms of other quantities, which are assumed known. 5 These include the exercise price and the current price of the stock. 6 The formula is derived under the assumption that the time interval between observations is very small, and that the log prices follow a random walk with normally distributed innovations. The formula is not affected by any linear drift in the random walk. 7 The model for the stock prices themselves is called geometric Brownian motion. 8 A key input to the Black-Scholes formula is σ, the standard deviation of the stock's continuously compounded rate of return. 9 If the time interval between observations is sufficiently small, σ is just the standard deviation of the innovations in the random walk, so σ can be viewed as a measure of the volatility of the stock price. 10 According to the random walk model, σ must remain constant over time.
11 Its value will not be known, however, so it is usually estimated from the available data. 12 In essence, the BSM assumes that the price of heavily traded assets follow a geometric Brownian motion with constant drift and volatility, which can be seen as continuous time limits of random walks. The model can also be derived from additive binomial tree models. 13 When applied to a stock option, the model incorporates the constant price variation of the stock, the time value of money, the option's strike price and the time to the option's expiry. 14 However, since the advent of this Nobel Prize winning formula, it has become apparent that several of the assumptions used in the Black-Scholes method may be unrealistic. Nevertheless, despite of some of these assumptions, the formula remains in wide spread use and despite its harshest critics, e.g., Nassim Taleb, a formula that is still integral to options pricing can hardly be called "dead"
or "dying", although, nothing in this paper should be construed as marginalizing the shortcomings of these assumptions. The fact remains, as will be shown in this paper, there is no one-size fits all model that cures all of the problems and the simplicity of the BSM gives way to continued, wide-spread use.
ii. Structure
This paper is divided into four parts and narrows the discussion to focus on these shortcomings. Part I briefly explains Brownian motion. Part II provides the simplest form of the Black Scholes formula. Building on the previous two sections, Part III identifies and critiques the shortcomings of the Black-Scholes theorem and briefly discusses the the Lévy Process and other academic developments in this field. However, given the depth of recent research, the discussion on these new developments is strictly limited. Part IV offers some concluding remarks.
I. Brownian Motion: Random Walk Assumption
Brownian motion is important because it provides a framework to capture movements in stock prices which rise and fall due to unforeseen circumstances. 21 Brownian motion is closely linked to normal distribution. purposes of this part, given the brevity of this paper, it is assumed that the reader is familiar with the definition of Brownian motion and thus the discussion will be limited to its relationship vis-à-vis aspects of real asset price data.
Asset prices modelled by a geometric Brownian motion are represented by: As shown by Teneng (2011), the BSM does not always describe all aspects of real asset price data. And while stochastic volatility or fractional Brownian Motion (fBM) models typically do better, it has its own problems: (a) stochastic models, in relation to volatility, raise the issue of incompleteness and thus how to derive derivative prices? And (b) fBM models raise the issue arbitrage, how to deal with it? 27 Given the significant depth of the debates surrounding these issues and given the brevity of this paper, these issues are excluded; however, while there are an increasing number of new models to account for some of these shortcomings, none of them have gained the popularity of the BSM. The next part of this paper provides the mathematical foundation of BSM.
II. Classic Black-Scholes Model
The basic form of the BSM involves only two assets: 28 -a riskless asset (i.e. a cash bond), -a risky asset (i.e. a stock).
The cash bond appreciates at a riskless rate of return r, which can be time varying but non-random in this classical case. 
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i.e. returns measure a change in the risky asset price as a proportion of the original risky asset price. Since this is a risky asset, we assume the risk can be generated from both predictable and unpredictable sources/circumstances. 31 That from the predictable circumstances is assumed to be almost equal to the risk free ra e of he bank i.e. he ra e of apprecia ion of he riskless cash bond. We deno e his μ also called the drift which measures the average growth of the asset price. 32 The second contribution that comes from unpredictable factors is denoted -the volatility, which is a measure of the standard deviation of the returns. 33 It is generally accepted to be of form dB where B is standard Brownian motion and dB is its stochastic differential. 34 The parameters μ and s can always be estimated from historical data. Bringing F (Bt, t) = S0 (e (B -½ (σ+ )) ) then Ft = (μs -σ 2 /2) F (Bt, t), FBt = σF (Bt, t), FBtBt = σ 2 F (Bt , t) and substituting these in to the BlackScholes formula gives: 8. F (Bt , t) = (μ-σ 2 /2) F (Bt , t)dt + σF (Bt , t) dBt + (σ 2 /2) F(Bt , t) 
III. Criticism of Implicit Properties of Black-Scholes
To provide one motivation for the more recent models, e.g. Lévy Process, it should be noted that despite the Black Scholes model's popularity and wide spread use, the model is built on some non-real life assumptions.
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This section is divided into seven parts. Sections one through six examine some of these non-real life assumptions; section seven examines the Lévy process.
Brownian Motion
Firstly, the geometric Brownian motion model, examined in Part I implies that the series of first differences of the log prices must be uncorrelated. 39 But for the S&P 500 as a whole, observed over several decades, daily from 1 July 1962 to 29 Dec 1995, there are in fact small but statistically significant correlations in the differences of the logs at short time lags. 40 At its core, neither people nor a model can consistently predict the direction of the market or an individual stock. The Black Scholes theorem assumes stocks move in a manner referred to as a random walk; random walk means that at any given moment in time, the price of the underlying stock can go up or down with the same probability. However, this assumption does not hold as stock prices are determined by many factors that cannot be assigned the same probability in the way they will affect the movement of stock prices. Moreover, the price of a stock in time t+1 is independent from the price in time t (i.e. martingale property of Brownian motion). Next, there may not be a single source or factor driving two assets even if one is a derivative of the other as is stated in the martingale representation theorem.
Asset Returns Are Not Normally Distributed
Secondly, the model assumes that log normally distributed underlying stock prices are normally distributed.
However, as observed by Clark, asset returns have a finite variance and semi-heavy tails contrary to stable distributions like log normal with infinite variance and heavy tails. As noted by Hull, experience has shown that returns are leptokurtic, i.e., have much more of a tendency to exhibit outliers than would be the case if they were normally distributed. An example is provided by the returns on the S&P 500 series. There is overwhelming evidence that the returns are not normal, but instead have a leptokurtic (i.e., long-tailed) distribution. (CRC Press: 2003) (noting that, despite the fact that auto-correlation of asset prices are often insignificant, as the time scale over which returns of assets are calculated increases, the distribution of asset prices looks more like the normal-distribution).
Thirdly, the model assumes a constant volatility. However, ever since the 1987 stock market crash, this assumption has proven false. While volatility can be relatively constant in very short term periods, it is never constant in the long term. In other words, it is often found that for financial time series, after taking logs (if needed) and first differences, the level of volatility (i.e., fluctuation) seems to change with time. 42 Often, periods of high volatility follow immediately after a large change (often downward) in the level of the original series.
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It may take quite some time for this heightened volatility to subside. 44 For example, the plot of differences of the logs of the S&P 500 shows very long periods of high volatility interspersed with periods of relative calm. 45 This type of pattern is often referred to as volatility clustering. A way to measure this clustering is to look at the autocorrelations of the squares of the differences of the logs (or of the squared returns). If there is volatility clustering, these autocorrelations should be significant for many lags, so that a shock to the volatility persists for many periods into the future. This is the case for the S&P 500. Similar findings of leptokurtosis and volatility clustering have been obtained for the differences of the logs of individual stock prices, exchange rates, and interest rates. Since measures of volatilities are negatively correlated with asset price returns, while trading volumes or the number of trades are positively correlated, the constant volatility assumption of the theorem is unrealistic over time. 46 In particular, an estimate of variance based on historical data may severely detract from the fairness of the computed options price if the stock has just entered a highly volatile phase. 47 As noted by
Hull (2002), leptokurtosis in the innovations can produce further pricing biases and how long tails in the original stock price distribution relative to a log-normal distribution can cause Black-Scholes to systematically underprice or over-price an option. 48 Consequently, more recent option valuation models substitute Black-Scholes's constant volatility with a stochastic-process generated estimates. 49 However, given its simplicity and mathematical tractability as compared to some of its more recent variations, the Black-Scholes model continues to be in widespread use. 
Interest Rates are Not Constant
Fourth, similar to the Black-Scholes theorem's assumption vis-à-vis constant volatility, the model assumes that interest rates are constant and known. This assumption is also unrealistic. effect from adding additional driving factors are hardly visible; however, a model based on independent factors seems to perform far better.
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IV. Conclusion
As demonstrated in this paper, and is widely accepted in the financial industry, most of the above identified limitations of the Black-Scholes model are fundamental and, thus, it is necessary to come up with models that will take into consideration some of the assumptions not addressed by Black-Scholes models. And, not surprisingly, there is no shortage in the academic literature, which proposes alternative models, all attempting to mimic the characteristics of the market fully. 68 However, basic common sense, and recent history in the wake of numerous market events, dictates that every aspect of the market cannot be considered in any given model, as every factor affecting the price of a financial security cannot be captured mathematically. 69 Mathematical models do, and can only attempt, to capture most of the aspects, which is what is proposed by Lévy models;
however, even that model has its limitations, which relate to fundamental aspects of the market.
